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Abstract 
Determination of the mechanical properties of nanostructures is an essential step in their applications from macroscopic 
composites to nano-electro-mechanical systems. In this paper the elastic constants, i.e. the elements of the stiffness tensor, of a 
typical single walled carbon nanotube are predicted via molecular dynamics simulations. Several codes were developed to 
calculate the coordinates of the carbon atoms and the 2-atom (bond), 3-atom (angle) and 4-atom (dihedral and improper) 
interactions between them which represent the tensile (compressive), bending and torsional stiffness, respectively. Then, using 
LAMMPS package, the prepared model was simulated under constant strains in various directions. The resulting stresses were 
used to derive the elastic constants. Finally, the more familiar Young’s and shear moduli along with Poisson’s ratios were 
calculated. Compared to the literature, the obtained Young’s modulus is well acceptable but the obtained shear modulus forms an 
underestimate. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of UFGNSM15. 
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1. Introduction 
Carbon nanotubes (CNTs) are the focus of a considerable percent of nanotechnology research. So far many 
properties of this nanostructure have been investigated either theoretically or experimentally. Among these, 
mechanical properties are of particular importance because numerous studies indicate that they are extraordinarily 
high in comparison with those of bulk engineering materials such as steels and alloys, Yu (2004), Qian et al. (2002), 
Thostenson et al. (2001), Thostenson et al. (2005), Kis and Zettl (2008). This is promising in many fields, for 
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example in the fabrication of high strength-to-weight ratio materials applied in aerospace industry. 
Single walled carbon nanotubes (SWCNTs) are the simplest form of CNTs. An SWCNT can be thought of as a 
graphene sheet rolled into a hollow cylinder. It consists of hexagonal rings in which carbon atoms are placed on the 
vertices. Depending on the orientation of the rings, it is divided into three types: zigzag, armchair and chiral. Many 
researchers have devoted their effort to determine the elastic properties of CNTs using different methods such as 
molecular dynamics (MD), molecular structural mechanics, nonlocal elasticity, measurements by the atomic force 
microscope, etc. However, they are mostly focused on the elastic moduli i.e. Young’s and shear moduli, rather than 
the elastic constants i.e. the elements of the stiffness tensor. The reported results cover wide ranges of 270-5500 GPa 
for Young’s modulus and 240-2300 GPa for shear modulus, Qian et al. (2002), Thostenson et al. (2001), Thostenson 
et al. (2005), Li et al. (2000), Sears and Batra (2004), Rossi and Meo (2009), Zhang and Shen (2006), Zaeri et al. 
(2010), Li and Chou (2003a, 2003b), Kalamkarov et al. (2006). Nevertheless, most of the results are distributed close 
to a Young’s modulus of 1000 GPa or 1 TPa and a shear modulus of 400 GPa, so that these values are more well-
known and generally accepted, Qian et al. (2002), Thostenson et al. (2001), Thostenson et al. (2005). 
In the present work, we aim to predict the elastic constants of a typical SWCNT using MD. In order to provide a 
basis for comparison with the literature, Young’s and shear moduli are further derived from the elastic constants. 
Poisson’s ratios are also calculated. 
2. Modeling and simulation 
2.1. SWCNT modeling 
In contrast to the common techniques used in mechanical engineering which are based on continuum mechanics, 
in MD the material is modeled as it is in fact, i.e. as a number of particles (atoms or molecules). These particles 
interact with each other. The interactions are divided into two groups: bonded and nonbonded. Bonded interactions, 
which represent the behavior of particles having covalent bonds toward each other, are in turn categorized into 
bonds, angles, dihedrals and impropers. Bonds represent the tensile or compressive behavior between two atoms, 
angles represent the bending behavior between three atoms, dihedrals represent the torsional behavior between four 
linearly bonded atoms and impropers represent the torsional behavior between four centrally bonded atoms. 
Nonbonded interactions, which represent the behavior of particles lacking covalent bonds toward each other, are 
also in turn categorized into several types including van der Waals forces, electrostatic (Coulomb) effects, hydrogen 
bonds, many-body interactions etc., each of which shows a phenomenon occurring between nonbonded atoms. Fig. 
1 schematically illustrates bonded (a-d) and common nonbonded (e-f) interactions. 
Fig. 1. Some of the interactions used in MD including bonded interactions (a) bond (b) angle (c) dihedral and (d) improper; along with 
nonbonded interactions (e) van der Waals force and (f) many-body interaction. 
In order to implement these interactions, several MATLAB codes were developed. The codes first generated the 
coordinates of the carbon atoms. Then 2-atom groups were distinguished for which a bond should be considered 
between the atoms. Similarly, 3-atom groups were identified for which an angle must be taken into account. In a 
similar way, 4-atom groups were recognized for which a dihedral or an improper has to be provided. A number of 
small but influential points were identified and followed in the codes in order to correctly find all bonds, angles, 
dihedrals and impropers. Since in SWCNTs we only deal with carbon atoms, we have electric charge symmetry, 
hence no electrostatic interaction need be considered. Also, as van der Waals forces are very much weaker than 
bonded interactions, no such interaction was modeled Li and Chou (2003b). The output of MATLAB codes were 
imported into EXCEL in order to be formatted in the form of LAMMPS commands. 
a b c d e f 
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2.2. MD simulation 
Here we used the well-known MD package LAMMPS to carry out the simulations. It is an open-source code for 
classical MD offering great advantages such as parallel processing and enhancement with graphics processing units, 
Plimpton (1995). However, similar to other MD software, it lacks graphical user interface. Therefore, the codes 
AtomEye and ImageJ were additionally utilized to generate snapshots and simulation clips from LAMMPS outputs. 
The potential functions used for the interactions are as the following, Cornell et al. (1995), Li and Chou (2003a), 
Kalamkarov et al. (2006), Jorgensen and Severance (1990). For bonds, the harmonic potential 
 20rrKE rr    (1) 
was utilized where Kr = 20.3378 eV/Å2 is the bond energy coefficient and r0 = 1.42 Å is the equilibrium bond 
distance. Similarly for angles, the harmonic potential 
 20TTTT  KE   (2) 
was applied where KT = 2.73194 eV/rad2 is the angle energy coefficient and T 0 = 120° is the equilibrium angle 
value. For dihedrals, the 2-fold potential 
  MMM 2cos1 KE   (3) 
was selected in which KM = 0.628779 eV is the dihedral energy coefficient. Similarly for impropers, the below 2-fold 
potential was employed in which Kχ = 0.0477005 eV is the improper energy coefficient. 
  FFF 2cos1 KE   (4) 
2.3. Elasticity relations 
Let us briefly review some relations from the theory of linear elasticity required for our discussion. The stiffness 
tensor is a fourth rank tensor relating the second rank tensors of stress and strain through the equation 
klijklij c HV    (5) 
Using Voigt notation (Sadd (2009)) it can be represented by a 6×6 symmetric matrix as 
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In writing the second equality it has been noted that Cij is constant, only one strain is allowed to change and the 
initial stress and strain tensors are assumed to be zero. Equation (7) is used to compute the elastic constants. To do 
so, the SWCNT is subjected to a constant strain in a direction while other strains are zero, then the resulting six 
components of the stress tensor are obtained from the MD simulation and ultimately putting them in equation (7), 
six elements of the stiffness matrix are derived. By repeating the same procedure, each time with a different 
direction for strain, the whole stiffness matrix is gained. On the other hand, SWCNT is axisymmetric and thus 
possesses transverse isotropy. For such a material there are only five independent elastic constants and the stiffness 
matrix reduces to 
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We may also find the Young’s and shear moduli as well as Poisson’s ratios by calculating the compliance tensor 
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3. Results and discussion 
The simulations were carried out on (8,8) armchair SWCNT with a radius of 5.424 Å and a length of 100.840 Å 
at zero temperature. It possesses 1328 atoms, 1976 bonds, 3920 angles, 7792 dihedrals and 1296 impropers. Its axis 
was coincided with the z-axis of the coordinate system. The model was first relaxed to insure the condition of zero 
initial stress and strain. Then strains of ±0.1 were applied and the elastic constants were computed. The results are 
11719497470100353:1.0 664433131211        CCCCCCjH    GPa 
11719496585128336:1.0 664433131211        CCCCCCjH    GPa 
So, on the average the elastic constants are 
11719497078114345 664433131211       CCCCCC    GPa 
Using equation (9) one can calculate the moduli and Poisson’s ratios as 
318.0171.0GPa117194943304       yxzxxyxzzx GGEE QQ  
Note that (C11C12)/2 ≈ C66 which verifies the transverse isotropy of SWCNT. 
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As stated before, the values reported in the literature are mostly the axial Young’s modulus and the transverse 
shear modulus. The attained value of 943 GPa is satisfactorily close to the well-known Young’s modulus of around 
1 TPa but the obtained shear modulus of 117 GPa is nearly 70% far from the expected value of 400 GPa. It is also 
smaller than the minimum reported value of 240 GPa. The reason behind that seems to be the different conditions of 
loading and deformation of the SWCNT. Usually the shear modulus is found by loading the SWCNT under torsion, 
but the method used here forces us to apply pure shear. In the former the cross section tends to remain close to a 
circle but in the latter it tends to become close to an ellipse. Clearly, the way that bonds, angles, dihedrals and 
impropers undergo changes are completely different in the two conditions. In torsion nearly all of the interactions 
are involved, resulting in a greater resistance against the load and thus a higher modulus. In shear, however, a 
limited percent of the interactions really feel the load, hence the deformation is more, resulting in a lower modulus. 
To choose between the two, it seems that torsional loading is more reasonable because in practice pure shear is not 
likely but torsion is a very natural load. Therefore we may conclude that applying constant strains in MD is a 
suitable way for determination of the normal components of the elastic constants but not for the shear ones. 
4. Conclusion 
Elastic constants of a typical SWCNT were derived via imposing constant strains in MD simulations considering 
all possible bonded interactions between carbon atoms, i.e. bonds, angles, dihedrals and impropers. Further, the 
Young’s and shear moduli and Poisson’s ratios were calculated. Particularly, values of 943 and 117 GPa were found 
for the Young’s and shear moduli respectively. Comparison of the attained moduli with those reported in the 
literature implies that the applied method works well for determination of the normal elastic constants and Young’s 
modulus but is not as good in prediction of the shear elastic constants and shear modulus. In the latter case it may 
only provide underestimate values. 
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